PRESSURE PULSE ON THE BOUNDARY OF AN ELASTIC INHOMOGENEOUS
HALF-PLANE

G. P. Kovalenko UDC 534.539.3

The problem about the motion of a pressure pulse at constant velocity along the
boundary of an elastic homogeneous half-plane has been examined in [1-3]. The
problem was considered as stationary in [1, 2], while in [3] it was solved by
using a Laplace time transformation. An analogous problem is considered in this
paper for an elastic half-plane with variable Lamé parameters and density of the
medium.

1, An elastic half-plane xz, z > 0 is considered whose Lamé parameters A, u and den-
sity p depend on the coordinate z according to the power law

h=Det's B =l p = pee*
é:az—{—l, 'V_—..T—F)1 W = 4 __ﬂ
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As is shown in [4], the equation of motion of such a medium can be represented as

(1.1)
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v? = (ko + leo)?o—l: v? = g™, n = 1,2
where v,, v, are the elastic wave velocities; and a is a dimensionless parameter.

The functions ¢ and displacements up are related by the dependences
C L by
Fn =V () faty =V % (infa g ) (1.3)

The weight functions f, depends only on z; the unit vector iy is directed along the
y axis. Let us consider a medium for which Ag = po. Then y = 3, and (1.2) simplify and
become

%0 L,
(v + o — o5 ) #a =0 (1.4)

For zero initial data the solution of the system (1.4) should satisfy the boundary
conditions

g; = —6(2;t-——:€), Tz =O for z=10 (1.5)

Here 6(a) is the Dirac function, v is thé velocity of pressure pulse motion, t is the
time, and o0z, Txy are stress tensor components.

Let us introduce a new variable s by means of the formula s = vt — x. Then the solu-
tion of the system (1.4) can be represented in the form
Py =gt S G (a) exp (ias — anz)da

1|J.2 =gl S Q (a) exp (ias — adz)da

n =1 =22 §=(1-— ) Y
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where o is the separation parameter of (1.4).

Let us use the boundary conditions (1.5) and the dependence (1.3) to determine the
functions G and Q. This reduces to twd equations,

G2y +a + Q (2u* — v*»,7* - ab) =0 (1.6)
G (202 — P, 4 3an) + Q28 + 3a)e? = —2nt

An integral representation of the Dirac function
§(x) = L gax do
2n

was used to obtain the second equation.

Having determined the constants from (1.6), we find the displatements by using (1.3)

= —2-55 a [(§ 4 ad) e — § (2n + a) e¥*] R~ do

[¢]
U, fe § S [02 (21t a)e ¥ —(§ + ad)ne™] Rle~tes da
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The Rayleigh function of an inhomogeneous medium is denoted by R, of a homogeneous
medium by Re, and £ = ® + iw is the complex variable of integration

R = dndo? — {2 — av?uy~202(3n + 6) + 3a%(0? — 1)
{ = 20 — ¥*p,72
2. Let us assume that the conditions

6,=—H(vt—12), 5, =0 for z=0 (2.1)
are given on the half-plane boundary.
Here H{a) is the Heaviside function.

Applying a Laplace time transform to the equations of motion (1.4) and the boundary
conditions (2.1) and using (1.3), we obtain

(V2+%"“vn P )"‘Pnzov i)(p).:_.goe—piip(t)dt (2.2)
0
L
;xzzfgz[(zg;p%) @1+ (7%22—_ “3z% + e 831 )\P Jz=0=0 (2.3)

where p is the complex Laplace transform parameter.

Let us seek the solution of (2.2) in the form

)

b=t § GQexp(pte —pVET @)L, o =v

o (2.4)
Pe=e1{ Q@Qexpiple —pVETE2)dL, =0y, §=op™
The integration is over the real axis of the complex £ plane. For uniqueness of the
intergrands, let us fix the branches of the roots by the condition ¥1 = 1. Substituting
(2.4) into (2.3), we arrive at two integral equations to determine G(Z), Q(z),
{ (6208 + @) + Q (p*? + PL* — apn)] exp (iptz) dL =0
— ’ (2.5)

S. [G (— P2+ 3p8°+ 3ad) + Q (2np°L2 + 3apl?)] et = e-PeHE) | p?
Setting _ _
G (§) = — F(0) (p™® + p*C® + apm)
Q (%) = F (L) (2pd + a)

) :V€2 +a%h o =V§2 + ¢5®
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We satisfy the first equation in (2.5) identically and obtain an

Qﬁx equation to determine the function F(I)
o ¢
o~ ‘ - (FORQ et dr = — prexp (— 222ED) (2.6)
o RO =p UCnd — @0+ 101 —ap (8 +m) + 38 )
o X(1 —16) = [400 — 2T + 1)*1 (p + p1) (P + Pp2) )
Uyt Closing the contour of integration in (2.6) for x > 0 and x <
~u,i ‘%2 0, in the upper and lower half-planes, respectively, we find that
. 6@% the equation is satisfied for x > 0 if
| F (Y R (D) = L, (1) Ruip’L, (ivY) (L — iv-})]-2 (2.8)
~and for x < 0

Fig. 1 F(D) R () = — L_ (1) 2nip®L_(— i) (L + i), B — oo

On the real axis we have

noo LGB L GE—w
L, @D L (=) -

Here Ly, L_ are analytic functions, without singularities in the upper and lower half-
planes, respectively.

It hence follows that A4 is an analytic continuation of A_ in the upper half-plane.
-Hence, A is an analytic function in the whole plane, i.e., is entire.

.For the integrals (2.5) to converge it is necessary to require that for z = 0

A (L) =AL+ B (2.9)

The constants A and B are determined by means of the values A.(—iB), A_(iv~'). Hav-
ing the expression for A_(z), we find F(z) from (2.9). Then (2.6) will yield the desired
functions G(z), Q(z). By using (2.4) and (1.3) we determine the displacements as the
transforms

. Im S (PLx {[2 - + pa R+ 200 (26 +n)]— 2«'1’81] p——

B2 =%me Y pC—ivh) Ro
—[(2€’ gy 4 BeInR Q2 Y (35+n)]—a’(2§}*+1)(1—ﬂﬁ)]e.,sz} a
R
o . (2.10)
_ Re ¢ £PLx PP
5=\ e | 208+ iR 2 08 ) =200y

+ [(2§z )64 Pel@ R + R}oznél —a? (1 —nd) (2624 1) ﬁje—psz} g

5= 0n (1 —nd), s, =88 (1 —nd), Ry = 408 — 1 + 1)°
The components'are arranged here in powers of the parameter. For g = 0 the expres—

sions (2.1) yield the displacements in the transforms for a homogeneous medium.

3. Inversion of (2.10) into the space of originals is made directly from the table
of inverse Laplace transforms. It is expedient to deform the path of integration in the
complex plane in such a way that curves would be selected as the paths of integration on
which the conditions

Im (itz —n2) =0
Im (i¢z — 82) = 0 (3.1

would be satisfied.

The relationships (3.1) hold a long segment of the imaginary axis

Rel=x%=0
0 << Imf < o, =

xn2H2
Vi+H
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and on the curves wp(x,) we have

—— T .
m"=l/m“+1&"ﬁﬁ’ H=Z0 = n=t (3.2)
Along the path (3.2) we have
VEF g =2 4 ilx [ =(0" — o)
izl — 2V 2B+ %t = zo (H —}—'H‘l)

Let us examine the members in (2.10) which originate because of inhomogeneity of the
medium,

Performing the appropriate substitutions, the part of the horizontal displacement
caused by inhomogeneity of the medium in the transforms can be written as

9 w,
i = Im 2 §"{ o~ P(wx+nz) (pA] (iw) + aB1 (iw) ) .
*2 " 2nepRe? = £ —iv-1 (p + p1) (P p2)

2 oo
[pAs2 (iw) + aBg (iw)] e P(2¥82) Im ¢ PZR(H+H™Y) (3.3)
- P+ @+ } dw + 2nep Re? 2 S { TR I

% ( pA1(s) +aBi (s) ) __[pAa(s) +aBz(s)]e~pzw(H+H—-x)} ;
P+ p)(p+ p2) =+ p) @+ p2) (s —i )

We have here introduced the notation

Ay = Ry -+ 280 (36 + ), By = 260 (1 —n9)
Ay =R, + 28 + 1) (38 + 1), By = 22 + 1) (1 — nd)

The first integral is taken over a segment of the imaginary axis, where [ = iw, and
the second, over the curve on which

E=HVw? —wy® -+ iv, =s, ds-—(———z—-——;—{— z)dw
H(w 2 —w, 2)72

Pr2 = a {30 4+ m £ 138 + n)* — 12 (8 — 2%) R,1%} 2R)~

The paths of integration are indicated in Fig. 1. The two values ® = 1, '/; corre-

spond to the curves (AB), and (DC),. The expression in the vertical displacement is writ-
~ ten analogously.

Using the table of inverse Laplace transforms in (3.3), we obtain

2 Yop

S o M

2nee (p1 — p2) —ivt Py
X (— 'l)k_l aB1 (;u_)i 2 exp[ ( w:c—,—nz)]( 1)k_
Ay w) 2 1 —exp [—Pk(t_ xw;}—(’)z )]

=yt 7

g2 B[ (¢~ o 4t

k=1 - P2)
1~9Xp[—pk (t_i“’_(w)]

2 P
As (5)
X Z S {s—:iv"l

(=) +

v 1 k-1
bt = Py (=" +
2
+ 2D 2 exp[—pe (¢ I ED ) 0
' H + Hy1
B Az(s).é t—oxpp, (1 - BEEI ) |
§ — iv~t

= Py (— 1)K—l
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The expression (3.4) contains two kinds of members whose time variations differ qual-
itatively. Part of the members decrease with the course of time. The other part of the
members tends to a constant as t > « and determines the static part of the displacement.
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